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Abstract
In this brief, we proposed an efficient weighted modulo (2 n
+1) adders. This is achieved by modifying existing
diminished-1 modulo (2n +1) adders to incorporate simple
correction schemes. Our proposed adders can produce
modulo sums within the range {0, 2n}, which is more than
the range {0, 2n − 1} produced by existing diminished-1
modulo (2n +1) adders. And our proposed adder gives
better performance in terms of area and power when
compared with previously existing architectures. We have
implemented the proposed adders using 0.18-µm
technology, and also compared the performance parameters
of those adders.
Keywords - Modulo arithmetic, residue number system
(RNS), parallel-prefix carry computation, computer
arithmetic, VLSI.

I. INTRODUCTION
The Residue Number System (RNS) [1] has been
employed for efficient parallel carry-free arithmetic
computations
(addition,
subtraction,
and
multiplication) in DSP applications as the
computations for each residue channel can
independently be done without carry propagation.
Since RNS based computations can achieve
significant speedup over the binary-system-based
computation, they are widely used in DSP processors,
cryptography
algorithms,
FIR
filters,
and
communication components [2]-[3]. Arithmetic
modulo 2n+1 computation is one of the most common
RNS operations that are used in pseudorandom
number generation and cryptography. The modulo
2n+1 addition is the most crucial step among the
commonly used moduli sets, such as {2n − 1, 2n, 2n +
1}, {2n − 1, 2n, 2n + 1, 22n +1}, and {2n − 1, 2n, 2n +
1, 2n+1 + 1}. There are many previously reported
methods to speed up the modulo 2n+1 addition.
Depending on the input/output data representations,
these methods can be classified into two categories,
namely, diminished-1 [4]-[10],[12] and weighted [11]
respectively.
In the diminished-1 representation, each
input and output operand is decreased by 1 compared
with its weighted representation. Therefore, only n-bit
operands are needed in diminished-1 modulo 2n+1
addition, leading to smaller and faster components.

However, this incurs an overhead due to the
translators from/to the binary weighted system. On
the other hand, the weighted-1 representation uses
(n+1)-bit operands for computations, avoiding the
overhead of translators, but requires larger area
compared with the diminished-1 representations. But
in the diminished-1 representation, the hardware
required for the decrementing and incrementing the
input and output respectively, are will take so much
area and also it requires zero-detection circuit.
In this brief, we propose efficient weighted
modulo 2n+1 adder design using diminished-1 adders
with simple correction schemes. This is achieved by
subtracting the sum of two (n + 1)-bit input numbers
by the constant 2n + 1 and producing carry and sum
vectors. The modulo 2n +1 addition can then be
performed using parallel-prefix structure diminished1 adders by taking in the sum and carry vectors plus
the inverted end-around carry with simple correction
schemes. In addition, our proposed adders do not
require the hardware for zero detection that is needed
in diminished-1 modulo 2n+1 addition.
The rest of this brief is organized as follows.
In Section II, we will discuss basics of parallel prefix
adders, and the basics of modulo 2n +1 adders in
Section III. Our proposed efficient weighted modulo
2n +1 adder is presented in Section IV. The synthesis
results and comparisons are given in Section V, and
Section VI concludes this brief.
II. PARALLEL PREFIX ADDITION BASICS
Suppose that A=An-1An-2…..A1A0 and B=BnB
…..B
1 n-2
1B0 represent the two numbers to be added
and S=Sn-1Sn-2…..S1S0 denotes their sum. An adder
can be considered as a three-stage circuit. These are
called as pre-processing stage, carry calculation stage
and post-processing stage. The pre-processing stage
computes the carry-generate bits Gi and carrypropagate bits Pi, for every i, where 0≤i≤(n-1),
according to
Gi=Ai∙Bi and Pi=Ai^Bi
where ∙ and ^ denote logical AND and X-OR,
respectively. The second stage of the adder, hereafter
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called the carry calculation unit, computes the carry
signals Ci, for 0≤i≤(n-1) using the carry generate and
propagate bits Gi and Pi. The third stage computes
the sum bits according to
Si=Pi^Ci-1
where Ci-1 represent previous carry generate signals.
Carry computation is transformed into a parallel
prefix problem using the ∘ operator, which associates
pairs of generate and propagate signals and it is
defined as
(G,P) ∘ (G’,P’)=(G∨P∙G’, P∙P’)
where ∨ denote logical OR. In a series of associations
of consecutive generate/propagate pairs (G,P), the
notation (Gk:j,Pk:j), with k>j, is used to denote the
group generate/propagate term produced out of bits
k,k-1,……j, that is,
(Gk:j,Pk:j)=(Gk,Pk)∘(Gk-1,Pk-1)∘……(Gj,Pj)
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Since every carry Ci=Gi:0, a number of algorithms
have been introduced for computing all the carries
using only ∘ operators. Fig.1 presents the most wellknown approaches for the design of an 8-bit
adder[12], while Fig.2 depicts the logic-level
implementation of the basic cells used throughout the
paper.
III. MODULO (2n+1) ADDITION BASICS
Modulo-m addition of mod-m residues A and B
(0≤A,B<m) is defined as[1]:

Replacing „m‟ with 2n+1 yields the equation for mod(2n+1) addition[7] and is given as follows:

The efficient way to implement modulo 2n+1 adder is
by using diminished-1 adder with correction unit.
Consider two (n+1)-bit numbers A and B, where 0 ≤
A,B ≤2n , the values of diminished-1 of A and B are
denoted by A* = A-1 and B* = B-1, respectively.
The diminished-1 sum, S* can be computed by,
S* = |S-1|2n+1 = |A+B-1|2n+1
= |A*+B*+ out|2n

Fig. 1 Parallel prefix 8-bit integer adders
(a)Sklansky
(b)Koggestone
(c)Brent-Kung
(d)Knowles

Here out is denoted as the inverted end-around carry
of the diminished-1 modulo 2n sum of n-bit A∗ and
B∗. So, the diminished-1 modulo 2n+1 addition can
be represented as follows:

Normally we preferred parallel prefix structures for
designing diminished-1 modulo (2n+1) adders due to
its high speed carry generation. The diminished-1
modulo 28+1 adder using Sklansky parallel prefix
structure is shown in Fig.3 and the flowchart process
of modulo 2n+1 addition is shown in Fig.4 .

Fig. 2 Logic level implementation of Basic cells used
in parallel prefix adders
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This can then be expressed as,

Fig. 3 Diminished-1 Modulo 28+1 adder using
Sklansky prefix structure

From this, it can easily be seen that the value of the
modulo 2n + 1 addition can be obtained by first
subtracting the value of the sum of A and B by (2n+1)
(i.e., 0111, . . . , 1) and then using the diminished-1
adder to get the final modulo sum by making the
inverted end-around carry as the carry-in.
Now, we present the method of weighted modulo
2n+1 addition of A and B as follows. Denoting Y‟ and
U‟ as the carry and sum vectors of the summation of
A, B and −(2n+1), where Y„ = y‟n−2y‟n−3, . . . , y‟0Ӯ‟n−1
and U‟ = u‟n−1u‟n−2, . . . , u‟0, the modulo addition can
be expressed as follows:
|A+B-(2n+1)|2n
=|

=|

=|

Fig. 4 Modulo (2n+1) addition Flowchart process
IV.
PROPOSED EFFICIENT WEIGHTED
MODULO (2n+1) ADDERS
Given two (n + 1)-bit inputs A = anan−1, . . . , a0 and
B = bnbn−1, . . . , b0, where 0 ≤ A,B ≤ 2n. The modulo
2n + 1 of A + B can be represented as follows:

This equation can be stated as,

For i=0 to (n-2), the values of y‟i and u‟i can be
expressed as y‟i=ai∨bi and u‟i=~(ai^bi), respectively
(∨, ~ and ^ are denoted as logical OR, NOT and XOR operation respectively). Since the bit widths of Y‟
and U‟ are only n-bits, the values of y‟n-1 and u‟n-1 are
required to be computed taking the values of an, bn,
an-1, and bn-1 into consideration (i.e., y‟n-1 and u‟n-1 are
the values of the carry and sum produced by
(2an+2bn+an-1+bn-1+1, respectively). It should be
noted that 0 ≤ A,B ≤ 2n , which means an=an-1=1 or
bn=bn-1=1 will cause the value of A and B to exceed
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the range of {0,2n}. Thus, these input combinations
(i.e. an=an-1=1 or bn=bn-1=1) are not allowed and can
be viewed as don‟t care conditions, which can help us
simplify the circuits for generating y‟n-1 and u‟n-1.
That is, the maximum value of (2an+2bn+an-1+bn-1+1)
is 5, which occurs at an=an-1=1(i.e., the maximum
value of y‟n-1 is 2). The truth table for generating y‟n1,u‟n-1 and FIX is given in Table 1, where „x‟ is
denoted as don‟t care.
The reason for FIX is that, under some conditions,
y‟n-1=2(e.g., an=bn=1 and an-1=bn-1=0), which cannot
be represented by 1-bit line (marked as „*‟ in Table
1); therefore, the value of y‟n-1 is set to 1, and the
remaining value of carry (i.e., 1) is set to FIX. Notice
that FIX is wired-OR with the carry-out of Y‟+U‟
(i.e., cout) to be the inverted end around carry
(denoted by ~(cout∨FIX)) as the carry-in for the
diminished-1 addition stage later on. When y‟n-1=2,
FIX=1; otherwise, FIX=0.
Table 1. Truth table for generating y‟n-1, u‟n-1 and FIX
(*: conditions when y‟n-1=2)

According to Table 1, we can have equations as
follows:
y’n-1 =(an∨bn∨an-1∨bn-1)
u’n-1 =~(an-1^bn-1) and
FIX =(anbn∨anbn-1∨an-1bn)
Based on the aforementioned, our proposed modulo
2n + 1 addition of A and B is equivalent to,

∴ ||A+B|2n+1|2n =|A+B-(
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+1)|2n

=|Y’+U’|2n+(~(cout∨FIX))
Two examples for our proposed addition methods are
given as follows:
Ex.1:
Suppose
n=4,
A=1610=100002,
and
B=1510=011112, respectively.
Step 1) (A+B)-(2n+1) => Y‟=11102, U‟=00002,
FIX=1
Step
2)
Y‟+U‟=11102,
cout=0,
=>
Y‟+U‟+(~(cout∨FIX))=11102=|16+15|17=1410
Ex.2:
Suppose
n=4,
A=1110=010112,
and
B=510=001012, respectively.
Step 1) (A+B)-(2n+1) => Y‟=11102, U‟=00012,
FIX=0
Step
2)
Y‟+U‟=11112,
cout=0,
=>
Y‟+U‟+(~(cout∨FIX))=100002=|11+5|17=1610
The architecture for our proposed adder is given in
Fig. 5 and proposed modulo 28+1 adder using
Sklansky parallel prefix structure is given in Fig. 6.
V. RESULT ANALYSIS
We have chosen Verilog HDL to design our
proposed modulo 2n+1 adder. We have used Cadence
Incisive Enterprise simulator for simulation and RTL
compiler for synthesis. We have targeted the design
to TSMC 180nm CMOS Technology library. We
have constrained the design for maximum operating
frequency of 400MHz. The table 2&3 shows the
comparative analysis of the existing[11] and the
proposed modulo 2n+1 adder without and with speed
constraints for different parallel prefix structures like
Sklansky, Koggestone, Brent-Kung and Knowles
structures. Our proposed architecture gives the better
results in terms of area and power when compared
with existing architecture[11] according to BrentKung prefix structure.
Our proposed architecture is efficient by 3% w.r. to
cell area and efficient by 8% w.r. to power when
compared with previous existing architecture[11]. For
the proposed architecture, it is been observed that
modulo 2n+1 Brent-Kung parallel prefix structure is
efficient by 10% w.r. to speed and efficient by 55%
w.r. to power consumption and 5% efficient w.r. to
cell area when compared with other prefix structures
without timing constraints. And also, it is been
observed that modulo 2n+1 Sklansky parallel prefix
structure is efficient by 10% w.r. to power
consumption and 5% efficient w.r. to cell area when
compared with other prefix structures with timing
constraints.
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Fig. 5(a)Architecture of our proposed weighted
modulo 2n+1 adder with the correction scheme
(b)Architecture of the A+B−(2n+1) Carry save adder
(c)Architecture of the correction scheme
(d)Architecture of FA+ (e)Architecture of FAF

Fig. 6 Proposed modulo 28+1 Adder using Sklansky
parallel prefix structure
Table 2. Comparative Results of [11]

Table 3. Comparative Results of proposed modulo
28+1 adder
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Fig.8(b) Results of Proposed architecture

Fig. 7 Simulation Results of Modulo 28+1 Adder

Fig. 8(c) Comparative Results of Existing[11] and
Proposed architectures

Fig.8(a) Results of Existing[11] architecture

CONCLUSION
In this brief, an efficient modulo (2n+1)
adder has been proposed. This has been achieved by
modifying the existing diminished-1 modulo adders
to incorporate simple correction schemes. The
proposed adders can perform modulo 2n+1 addition
and produce sums that are within the range {0,2n}.
Synthesis results show that our proposed architecture
gives the better results in terms of area and power
when compared with previous existing architectures.
And proposed modulo (2n+1) adder using BrentKung parallel prefix structure will gives better
performance results in terms of area, power and delay
and if we consider with timing constraints then
modulo (2n+1) adder using Sklansky parallel prefix
structure will gives better performance results in
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terms of area and power when compared with other
prefix structures.
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